In this paper will we present an approach to optimal dimensioning and tari ng of communication networks. We will choose link capacities, tari s and the routing strategy in order to maximise the pro t for the company operating the network. The tari s and grade of service are subject to regulatory constraints. It is assumed that we have an existing network structure consisting of a set of nodes and physical links. By cross-connecting tra c through nodes at a high bandwidth rather than multiplexing and demultiplexing it, a logical link (consisting of capacity on several physical links) is created. However, it may be better for an OD pair to take advantage of existing physical links rather than to initiate its own logical link. Several results will be presented. These include a simple formula for the optimal tari and a conjecture that only one of the possible routes for each OD pair will be used in the optimal solution. A numerical investigation will also be discussed.
INTRODUCTION
Loss networks can be used to model circuit switched telephone networks, along with many other practical networks. Loss networks consist of sets of resources that users of di erent types try to access. If the required resources are not available, one or more alternative sets may be tried, but ultimately a user whose request cannot be satis ed is lost from the system. Many references to research on the dimensioning of loss networks are given in Bean and Taylor (1995) (see for example Girard (1990) and Kelly (1991) ). This paper is an extension of the work presented there.
As explained in Bean and Taylor (1995) , the usual method used in loss network dimensioning is that of minimising network cost subject to grade of service constraints. However, the approach used there, and also here, takes into account the fact that telephone companies are now operating in a private enterprise environment, by maximising network pro t. That is, the di erence between the revenue generated by network users and the cost of providing the network is maximised.
Although this approach has been discussed previously (see Kelly (1988) and Girard (1990) ), Bean and Taylor (1995) incorporate the concept of a tra c elasticity function. This function acknowledges the fact that the tra c o ered to the network is a decreasing function of the tari charged to users. Such a tra c elasticity function could re ect factors such as a competitor's tari structure or the grade of service o ered by the network.
In this paper we discuss the introduction of logical links. A logical link consists of reserved capacity on a set of two or more physical links. Tra c using the logical link is cross-connected through intermediate nodes rather than being multiplexed and de-multiplexed at these nodes. For instance, in the Australian network (see Figure 1 ), tra c travelling from Perth to Melbourne on the logical link would use reserved capacity on the Perth to Adelaide and Adelaide to Melbourne links and be cross-connected through Adelaide. Although this may be an advantage in some cases, it also introduces ine ciencies as the reserved capacity is allocated when the network is con gured rather than being used on demand.
In the next section of this paper we de ne our model and discuss methods of network analysis. In Section 3 we explain the network costing, improvements in our model and present our formulation. Section 4 contains a numerical example, Section 5 contains theoretical results concerned with optimal tari ng and route choice. Our conclusions are presented in Section 6.
THE MODEL
In this section we introduce the notation and concepts of a circuit-switched telephone network. Both physical and logical links may be used. We follow the notation of Kelly (1991) .
Consider a loss network where we have a group of cities or nodes n 2 N joined by a set of links j 2 J . This set of links J consists of two subsets: the physical links j 2 J P and the logical links j 2 J L , which use reserved capacity on the physical links. Each link j comprises C j circuits and has a link blocking probability E j .
De ne S to be the set of all OD pairs, s 2 S P to be the set of OD pairs connected by a single physical link (and hence for which no logical link is created) and s 2 S I to be the set of remaining OD pairs which consequently have an indirect physical path as well as a direct logical path.
For s 2 S let P s be the subset of paths that stream s may use and let P = s P s . The set P can also be divided into subsets in another way. De ne P P to be the set of paths consisting of a single physical link, P L to be the set of logical paths consisting of a single logical link and P I to be the set of physically indirect paths, that is, paths consisting of more than one physical link. Note that regardless of which path p 2 P s a call for stream s 2 S I uses, it must be charged the same tari since a user cannot choose which path their call takes in the network. The arrival rate may depend on the tari since a higher tari may lead to fewer calls being made. Therefore, we denote the arrival rate by s ( s ). Each stream s also has a blocking probability B s associated with it, which is the average blocking probability over all paths p 2 P s . In designing our network we are interested in nding the link capacities C j ; j 2 J , the stream tari s s ; s 2 S and the splitting probabilities s ; s 2 S I .
An exact analysis for such a network exists (see Bean and Taylor (1995) , Kelly (1991) ). However, although the equilibrium distribution has a very simple form, it has been shown by Louth et al. (1993) that determining the normalising constant is #P-complete in the number of distinct routes. Hence we shall use the well-known Erlang xed point technique (see Kelly (1991) ) for approximating the blocking probabilities instead. Let E j ; j 2 J be the unique solution to the equations E j = E( j ; C j ) ;
(1)
Then the vector (E j ; j 2 J ) is called the Erlang xed point and an approximation for the acceptance probability on path p is given by,
The average blocking probability for a stream s is given by 
FORMULATION
We noted earlier in the paper that we wish to maximise network pro t, which is the di erence between revenue received from users and the cost of providing the network. (7) The cost of installing the network consists of a xed cost, involving such factors as the digging of trenches and laying of cables, and a variable cost, which depends on the capacity. It is possible to ignore the xed cost in the problem formulation as it can be factored in after the optimisation procedure is complete.
De ne the cost per circuit of cross-connecting to be c c and the cost per circuit of multiplexing/demultiplexing to be m c . These costs must be written o over a period of time and so can be described as a charge per unit time. Calls on a physical path are multiplexed at the origin node, demultiplexed at the destination node and both multiplexed and demultiplexed at every intermediate node. Assuming that the cost of multiplexing is equivalent to that of demultiplexing, the number of multiplexes/demultiplexes on a physical path is twice the number of links on the path. Hence, the cost of providing all the physical paths is 2m c P i2L P C i . The number of intermediate nodes through which calls on a logical path, which consists of the logical link i, must be cross-connected is given by i ? 1, where i is the number of physical links on which logical link i uses capacity. Calls on a logical path must also be multiplexed at the origin node and demultiplexed at the destination node. Therefore, the total cost of all the logical paths is 2m c Before presenting our optimisation formulation it is important to note a further feature used by Bean and Taylor (1995) which we shall apply. By using link blocking probabilities, rather than link capacities, as variables in our formulation a large e ciency gain is achieved for two reasons. The rst is that the network analysis performed by the Erlang xed point approximation is no longer iterative in nature. Secondly, it is immediately obvious whether a proposed set of link blocking probabilities are feasible, whereas a proposed set of link capacities requires a full and iterative network analysis to check feasibility.
In order to make use of this, for xed E j we require the inverse function C : R + ! R + , such that C j = C( j ; E j ); j 2 J :
(10) C j is then the capacity required in an Erlang loss system to carry an o ered tra c of j with a blocking probability of E j . We use formulae from Farmer and Kaufman (1978) to evaluate E( j ; C j ) for non-integer C j rather than using interpolation between integer values as in Bean and Taylor (1995) . This is because Farmer and Kaufman's (1978) formulation leads to a di erentiable function C.
We shall also assume that there are regulatory constraints that for all s 2 S the tari s must lie in the interval s ; s ] and the averaged stream blocking probability B s de ned in equation (6) must lie within B s ; B s ]. Obviously, the link blocking E j ; j 2 J and the splitting probability s ; s 2 S I must lie in the interval 0; 1].
Using the function C j the formulation of the non-linear program is as follows. where f p (s), B s and C j are given by equations (3), (5), (6) and (10) respectively.
EXAMPLE
Consider the network shown in Figure 1 . There are 9 nodes and 36 streams, of which 10 have only the direct physical path available and 26 have a choice between physical and logical paths. That is, there are 10 streams s 2 S P and 26 streams s 2 S I . As above, the logical path consists of the single logical direct link, and the physical path is the unique shortest possible path in terms of the number of links used. We shall set the multiplexing coe cient to be m c = 0:34 and the cross-connecting coe cient to be c c = 0:66. These values have been chosen so that calls on some streams will use their physical paths and on others their logical paths. Since the multiplexing coe cient always occurs in multiples of two, the two costs are approximately equal making neither path highly desirable, but still re ecting the fact that multiplexing is more expensive than cross-connecting.
To nd the optimal tari s, splitting probabilities and link blocking probabilities we have used a standard routine available in the NAG Library of routines. The values of the tari s and the splitting probabilities are given in Table 1 . The splitting probability in the table is the probability that the physical path is used. The full names of the cities abbreviated in Table 1 can be seen in Figure 1 . The values of the upper and lower bounds on the variables and the form of the s function used Bean and Taylor (1995) . The upper and lower bounds on the tari s do not bite in our example. Table 1 reveals that the optimal tari s appear to consist of a term representing the cost of carrying a call and a constant depending only on the elasticity function of the tra c s ( s ). The following analysis shows that this is indeed the case. so that T L s represents the acceptance probability for stream s on its logical direct path, T I s represents the acceptance probability for stream s on its physical indirect path, and T s is the average acceptance probability on stream s. Bean and Taylor (1995) and Berezner et al. (1996) state that a good approximation for @C @ j , when j is large, is @C @ j 1 ? E j :
RESULTS

An inspection of
By using di erential calculus and the approximation in equation (13) 
As mentioned earlier, ? s ( @ s @ s ) ?1 is a constant which depends only on the elasticity function of the tra c s ( s ). The other two terms in equation (14) represent the weighted cost of carrying a call on the physical and logical links respectively. We have also developed a formula for ? s without using the approximation in equation (13). It has a similar form to that of equation (14) but is more cumbersome and the proof is rather more involved. Note that if we place upper and lower bounds on the tari , then the optimal tari occurs at the upper bound if ? s > s or at the lower bound if ? s < s . This can be shown by using similar arguments on the Lagrangean relaxation of the formulation.
Another feature that can be seen in Table 1 is that the splitting probabilities are all zero or one. This means for any given stream that either all calls will use the physical path or all calls will use the logical path. Di erential calculus and the approximation in equation (13) can be used to show that, holding all other variables constant, there is only one stationary point for revenue as a function of s . If the stationary point lies in the interval 0; 1], then it must be a minimum, implying that the value of s that maximises the function is at one of the endpoints, namely 0 or 1. If the stationary point lies outside the interval 0; 1], then again the maximum occurs at one of the endpoints. Hence once again s will be 0 or 1. Preliminary investigations suggest that a similar result also holds without using the approximation in equation (13). This is backed up by extensive numerical results.
CONCLUSIONS
In this paper we have presented a formulation for the determination of the optimal dimensions, tari s and splitting probabilities for a loss network in order to maximise the operating company's pro t. We allow the tra c arrival rate on a stream to depend on the tari charged for that stream. Our formulation uses the Erlang xed point approximation and uses link blocking probabilities rather than link capacities as variables, which provides large computational savings. As a result we are able to solve problems of a realistic size.
By using this formulation we proved a result that explains the optimal tari as the cost to the network of carrying the call plus a term depending only on the elasticity function. Finally, we also conjectured that for any given stream either all calls will use the physical path or all calls will use the logical path. Using these results we hope to be able to develop an algorithm to simplify the optimisation procedure further. This work is currently being extended to allow calls to use paths which consist of a combination of logical and physical links. Similar results are anticipated.
